Markowitz's celebrated mean-variance portfolio optimization theory assumes that the means and covariances of the underlying asset returns are known. In practice, they are unknown and have to be estimated from historical data. Plugging the estimates into the efficient frontier that assumes known parameters has led to portfolios that may perform poorly and have counter-intuitive asset allocation weights; this has been referred to as the "Markowitz optimization enigma."
1. Introduction. The mean-variance (MV) portfolio optimization theory of Harry Markowitz (1952 Markowitz ( , 1959 , Nobel laureate in economics, is widely regarded as one of the foundational theories in financial economics. It is a single-period theory on the choice of portfolio weights that provide the optimal tradeoff between the mean (as a measure of profit) and the variance (as a measure of risk) of the portfolio return for a future period. For a portfolio consisting of m assets (e.g., stocks) with expected returns µ i , let w i be the weight of the portfolio's value invested in asset i such that m i=1 w i = 1, and let w = (w 1 , . . . , w m )
T , µ = (µ 1 , . . . , µ m ), 1 = (1, . . . , 1) T . The portfolio return has mean w T µ and variance w T Σw,
where Σ is the covariance matrix of the asset returns; see Lai and Xing (2008, pp. 67, 69-71) . Given a target value µ * for the mean return of a portfolio, Markowitz characterizes an efficient portfolio by its weight vector w eff that solves the optimization problem (1.1) w eff = arg min w w T Σw subject to w T µ = µ * , w T 1 = 1, w ≥ 0.
When short selling is allowed, the constraint w ≥ 0 (i.e., w i ≥ 0 for all i) in (1.1) can be removed, yielding the following problem that has an explicit solution:
(1.2) w eff = arg min w:w T µ=µ * , w T 1=1
where A = µ T Σ −1 1 = 1 T Σ −1 µ, B = µ T Σ −1 µ, C = 1 T Σ −1 1, and D = BC − A 2 .
Markowitz's theory assumes known µ and Σ. Since in practice µ and Σ are unknown, a commonly used approach is to estimate µ and Σ from historical data, under the assumption that returns are i.i.d. A standard model for the price P it of the ith asset at time t in finance theory is geometric Brownian motion dP it /P it = θ i dt + σ i dB (i) t , where {B (i) t , t ≥ 0} is standard Brownian motion. The discrete-time analog of this price process has returns r it = (P it − P i,t−1 ) P i,t−1 , and log returns log(P it /P i,t−1 ) = log(1 + r it ) ≈ r it that are i.i.d.
. Under the standard model, maximum likelihood estimates of µ and Σ are the sample mean µ and the sample covariance matrix Σ, which are also method-ofmoments estimates without the assumption of normality and when the i.i.d. assumption is replaced by weak stationarity (i.e., time-invariant means and covariances). It has been found, however, that replacing µ and Σ in (1.1) or (1.2) by their sample counterparts µ and Σ may perform poorly and a major direction in the literature is to find other (e.g., Bayes and shrinkage) estimators that yield better portfolios when they are plugged into (1.1) or (1.2).
An alternative method, introduced by Michaud (1989) to tackle the "Markowitz optimization enigma," is to adjust the plug-in portfolio weights by incorporating sampling variability of ( µ, Σ) via the bootstrap. Section 2 gives a brief survey of these approaches.
Let r t = (r 1t , . . . , r mt )
T . Since Markowitz's theory deals with portfolio returns in a future period, it is more appropriate to use the conditional mean and covariance matrix of the future returns r n+1 given the historical data r n , r n−1 , . . . based on a Bayesian model that forecasts the future from the available data, rather than restricting to an i.i.d. model that relates the future to the past via the unknown parameters µ and Σ for future returns to be estimated from past data. More importantly, this Bayesian formulation paves the way for a new approach that generalizes Markowitz's portfolio theory to the case where the means and covariances are unknown. When µ and Σ are estimated from data, their uncertainties should be incorporated into the risk; moreover, it is not possible to attain a target level of mean return as in Markowitz's constraint w T µ = µ * since µ is unknown. To address this root cause of the Markowitz enigma, we introduce in Section 3 a Bayesian approach that assumes a prior distribution for (µ, Σ) and formulates mean-variance portfolio optimization as a stochastic optimization problem. This optimization problem reduces to that of Markowitz when the prior distribution is degenerate. It uses the posterior distribution given current and past observations to incorporate the uncertainties of µ and Σ into the variance of the portfolio return w T r n+1 , where w is based on the posterior distribution. The constraint in
Markowitz's mean-variance formulation can be included in the objective function by using a Lagrange multiplier λ −1 so that the optimization problem is to evaluate the weight vector w that maximizes E(w T r n+1 ) − λVar(w T r n+1 ), for which λ can be regarded as a risk aversion coefficient. To compare with previous frequentist approaches that assume i.i.d. returns, Section 4 introduces a variant of the Bayes rule that uses bootstrap resampling to estimate the performance criterion nonparametrically.
To apply this theory in practice, the investor has to figure out his/her risk aversion coefficient, which may be a difficult task. Markowitz's theory circumvents this by considering the efficient frontier, which is the (σ, µ) curve of efficient portfolios as λ varies over all possible values, where µ is the mean and σ 2 the variance of the portfolio return. Investors, however, often prefer to use the Sharpe ratio (µ−µ 0 )/σ as a measure of a portfolio's performance, where µ 0 is the risk-free interest rate or the expected return of a market portfolio (e.g., S&P500).
Note that the Sharpe ratio is proportional to µ − µ 0 and inversely proportional to σ, and can be regarded as the excess return per unit of risk. In Section 5 we describe how λ can be chosen for the rule developed in Section 3 to maximize the Sharpe ratio. Other statistical issues that arise in practice are also considered in Section 5 where they lead to certain modifications of the basic rule. Among them are estimation of high-dimensional covariance matrices when m (number of assets) is not small relative to n (number of past periods in the training sample) and departures of the historical data from the working assumption of i.i.d. asset returns. Section 6 illustrates these methods in an empirical study in which the rule thus obtained is compared with other rules proposed in the literature. Some concluding remarks are given in Section 7.
2. Using better estimates of µ, Σ or w eff to implement Markowitz's portfolio optimization theory. Since µ and Σ in Markowitz's efficient frontier are actually unknown, a natural idea is to replace them by the sample mean vector µ and covariance matrix Σ of the training sample. However, this plug-in frontier is no longer optimal because µ and Σ actually differ from µ and Σ, but also Frankfurter, Phillips and Seagle (1976) and Jobson and Korkie (1980) have reported that portfolios on the plug-in frontier can perform worse than an equally weighted portfolio that is highly inefficient. Michaud (1989) comments that the minimum variance (MV) portfolio w eff based on µ and Σ has serious deficiencies, calling the MV optimizers "estimation-error maximizers". His argument is reinforced by subsequent studies, e.g., Best and Grauer (1991) , Chopra, Hensel and Turner (1993) , Canner et al. (1997) , Simann (1997), and Britten-Jones (1999) . Three approaches have been proposed to address the difficulty during the past two decades. The first approach uses multifactor models to reduce the dimension in estimating Σ, and the second approach uses Bayes or other shrinkage estimates of Σ. Both approaches use improved estimates of Σ for the plugin efficient frontier, and can also be modified to provide better estimates of µ to be used as well. The third approach uses bootstrapping to correct for the bias of w eff as an estimate of w eff .
2.1. Multifactor pricing models. Multifactor pricing models relate the m asset returns r i to k factors f 1 , . . . , f k in a regression model of the form (2.1)
in which α i and β i are unknown regression parameters and ǫ i is an unobserved random disturbance that has mean 0 and is uncorrelated with f :
is called a single-factor (or single-index) model. Under Sharpe's (1964) capital asset pricing model (CAPM) which assumes, besides known µ and Σ, that the market has a risk-free asset with return r f (interest rate) and that all investors minimize the variance of their portfolios for their target mean returns, (2.1) holds with k = 1, α i = r f and f = r M − r f , where r M is the return of a hypothetical market portfolio M which can be approximated in practice by an index fund such as Standard and Poor's (S&P) 500 Index. The arbitrage pricing theory (APT), introduced by Ross (1976) 
where IW m (Ψ, n 0 ) denotes the inverted Wishart distribution with n 0 degrees of freedom and mean Ψ/(n 0 − m − 1). The posterior distribution of (µ, Σ) given (r 1 , . . . , r n ) is also of the same form:
where µ and Σ are the Bayes estimators of µ and Σ given by (2.3)
Note that the Bayes estimator Σ adds to the MLE of Σ the covariance matrix κ(r − ν)(r − ν) T (n + κ), which accounts for the uncertainties due to replacing µ byr, besides shrinking this adjusted covariance matrix towards the prior mean Ψ/(n 0 − m − 1).
Instead of using directly this Bayes estimator which requires specification of the hyperparameters µ, κ, n 0 and Ψ, Ledoit and Wolf (2003, 2004) propose to estimate µ simply byr and to shrink the MLE of Σ towards a structured covariance matrix. Their rationale is that whereas the MLE S = n t=1 (r t −r)(r t −r) T n has a large estimation error when m(m + 1)/2 is comparable with n, a structured covariance matrix F has much fewer parameters that can be estimated with smaller variances. They propose to estimate Σ by a convex combination of F and S:
where δ is an estimator of the optimal shrinkage constant δ used to shrink the MLE toward the estimated structured covariance matrix F. Besides the covariance matrix F associated with a single-factor model, they also suggest using a constant correlation model for F in which all pairwise correlations are identical, and have found that it gives comparable performance in simulation and empirical studies. They advocate using this shrinkage estimate in lieu of S in implementing Markowitz's efficient frontier.
2.3. Bootstrapping and the resampled frontier. To adjust for the bias of w eff as an estimate of w eff , Michaud (1989) uses the average of the bootstrap weight vectors:
where w * b is the estimated optimal portfolio weight vector based on the bth bootstrap sample {r * b1 , . . . , r * bn } drawn with replacement from the observed sample {r 1 , . . . , r n }. Specifically, the bth bootstrap sample has sample mean vector µ * b and covariance matrix Σ * b , which can be used to replace µ and Σ in (1.1) or (1.2), thereby yielding w * b . Thus, the resampled efficient frontier corresponds to plottingw T µ versus w T Σw for a fine grid of µ * values, wherew is defined by (2.5) in which w * b depends on the target level µ * . involves Σ −1 instead of Σ and that estimating Σ as well as possible does not imply that Σ −1 is reliably estimated. Estimation of a high-dimensional m × m covariance matrix when m 2 is not small compared to n has been recognized as a difficult statistical problem and attracted much recent attention; see Bickel and Lavina (2008) . Some sparsity condition is needed to obtain an estimate that is close to Σ in Frobenius norm, and the conjugate prior family (2.2) that motivates the (linear) shrinkage estimators (2.3) or (2.4) does not reflect such sparsity. For high-dimensional weight vectors w eff , direct application of the bootstrap for bias correction is also problematic.
A major difficulty with the "plug-in" efficient frontier (which uses the MLE S or (2.4) to estimate Σ) and its "resampled" version is that Markowitz's idea of using the variance of w T r n+1 as a measure of the portfolio's risk cannot be captured simply by the plug-in estimate w T Σw of Var(w T r n+1 ). Whereas the problem of minimizing Var(w T r n+1 ) subject to a given level µ * of the mean return E(w T r n+1 ) is meaningful in Markowitz's framework, in which both E(r n+1 ) and Cov(r n+1 ) are known, the surrogate problem of minimizing w T Σw under the constraint w T µ = µ * ignores the fact both µ and Σ have inherent errors (risks)
themselves. In this section we consider the more fundamental problem
when µ and Σ are unknown and treated as state variables whose uncertainties are specified by their posterior distributions given the observations r 1 , . . . , r n in a Bayesian framework.
The weights w in (3.1) are random vectors that depend on r 1 , . . . , r n . Note that if the prior distribution puts all its mass at (µ 0 , Σ 0 ), then the minimization problem (3.1) reduces to
Markowitz's portfolio optimization problem that assumes µ 0 and Σ 0 are given.
3.1. Solution of the optimization problem (3.1). The problem (3.1) is not a standard stochastic control problem and is difficult to solve directly because of the term E(w
We first convert it to a standard stochastic control problem by using an additional parameter. Let W = w T r n+1 and note that
, where w B is the Bayes weight vector. Then
with equality if and only if W has the same mean and variance as W B . Hence the stochastic optimization problem (3.1) is equivalent to minimizing λE[(w
weight vectors w that can depend on r 1 , . . . , r n . Since η is a linear function of the solution of (3.1), we cannot apply this equivalence directly to the unknown η. Instead we solve a family of stochastic optimization problems over η and then choose the η that maximizes the reward in (3.1). Specifically, we rewrite (3.1) as the following optimization problem:
where
3.2 Computation of the optimal weight vector. Let µ n and V n be the posterior mean and second moment matrix given the set R n of current and past returns r 1 , . . . , r n . Since w is based on R n , it follows from E(r n+1 |R n ) = µ n and E(r n+1 r
Without short selling the weight vector w(η) in (3.3) is given by the following analog of (1.1)
which can be computed by quadratic programming (e.g., by quadprog in MATLAB). When short selling is allowed, the constraint w ≥ 0 can be removed and w(η) in (3.3) is given explicitly by (3.6) w(η) = arg min
where the second equality can be derived by using a Lagrange multiplier and
Note that (3.4) or (3.5) essentially plugs the Bayes estimates of µ and V := Σ + µµ T into the optimal weight vector that assumes µ and Σ to be known. However, unlike the "plug-in" efficient frontier described in the first paragraph of Section 2, we have first transformed the original mean-variance portfolio optimization problem into a "mean versus second moment" optimization problem that has an additional parameter η.
Putting (3.5) or (3.6) into
by (3.4), we can use Brent's method (Press et al., to maximize C(η). It should be noted that this argument implicitly assumes that the maximum of (3.1) is attained by some w and is finite. Whereas this assumption is clearly satisfied when there is no short selling as in (3.5), it may not hold when short selling is allowed. In fact, the explicit formula of w(η) in (3.6) can be used to express (3.8) as a quadratic function of η:
which has a maximum only if
has a minimum instead and approaches to ∞ as |η| → ∞. In this case, (3.1) has an infinite value and should be defined as a supremum (which is not attained) instead of a maximum.
Remark. Let Σ n denote the posterior covariance matrix given R n . Note that the law of iterated conditional expectations, from which (3.4) follows, has the following analog for Var(W ):
Using Σ n to replace Σ in the optimal weight vector that assumes µ and Σ to be known, therefore, ignores the variance of w T µ n in (3.10), and this omission is an important root cause for the Markowitz optimization enigma related to "plug-in" efficient frontiers.
4. Empirical Bayes, bootstrap approximation and frequentist risk. For more flexible modeling, one can allow the prior distribution in the preceding Bayesian approach to include unspecified hyperparameters, which can be estimated from the training sample by maximum likelihood, or method of moments or other methods. For example, for the conjugate prior (2.2), we can assume ν and Ψ to be functions of certain hyperparameters that are associated with a multifactor model of the type (2.1). This amounts to using an empirical Bayes model for (µ, Σ) in the stochastic optimization problem (3.1). Besides a prior distribution for (µ, Σ), (3.1) also requires specification of the common distribution of the i.i.d. returns to evaluate E µ,Σ (w T r n+1 ) and Var µ,Σ (w T r n+1 ). The bootstrap provides a nonparametric method to evaluate these quantities, as described below.
4.1. Bootstrap estimate of performance. To begin with, note that we can evaluate the frequentist performance of the Bayes or other asset allocation rules by making use of the bootstrap method. The bootstrap samples {r * b1 , . . . , r * bn } drawn with replacement from the observed sample {r 1 , . . . , r n }, 1 ≤ b ≤ B, can be used to estimate its E µ,Σ (w T n r n+1 ) = E µ,Σ (w T n µ) and Var µ,Σ (w T n r n+1 ) = E µ,Σ (w T n Σw n ) + Var µ,Σ (w T n µ) of various portfolios Π whose weight vectors w n may depend on r 1 , . . . , r n , e.g., the Bayes or empirical Bayes weight vector described above. In particular, we can use Bayes or other estimators for µ n and V n in (3.5) or (3.6) and then choose η to maximize the bootstrap estimate of
). This is tantamount to using the empirical distribution of r 1 , . . . , r n to be the common distribution of the returns. In particular, usingr for µ n in (3.5) and the second moment matrix n −1 n t=1 r t r T t of the empirical distribution for V n in (3.6) provides a "nonparametric empirical Bayes" implementation of the optimal rule in Section 3. should happen, we use the default option of adding 0.005I to the sample covariance matrix.
Each result in Table 1 is based on 100 simulations, and the standard errors are given in parentheses. In each scenario, the reward of the NPEB rule is close to that of the Bayes rule and somewhat smaller than that of the oracle rule. The plug-in rule has substantially smaller rewards, especially for larger values of λ.
INSERT plane that correspond to the returns of portfolios of the m assets is called the feasible region. Table 3 , we use a constant correlation model for F in (2.4), which can be implemented by their software available at www.ledoit.net. Note that Markowitz's efficient frontier has µ values ranging from 2.0 to 3.47, which is the largest component of µ in Figure 1 . The (σ, µ) curve of NPEB lies below the efficient frontier, and further below are the (σ, µ) curves of Michaud's, shrinkage and plug-in portfolios, in decreasing order.
INSERT FIGURE 1 ABOUT HERE
The highest values 3.22, 3.22 and 3.16 of µ for the plug-in, shrinkage and Michaud's portfolios in Figure 1 are attained with a target value µ * = 3.47 and the corresponding values of σ are 1.54, 1.54 and 3.16, respectively. Note that without short selling, the constraint w T µ = µ * used in these portfolios cannot hold if max 1≤i≤4 µ i < µ * . We therefore need a default option, such as replacing µ * by min(µ * , max 1≤i≤4 µ i ), to implement the optimization procedures for these portfolios. In contrast, the NPEB portfolio can can always be implemented for any given value of λ. In particular, for λ = 0.001, the NPEB portfolio has µ = 3.470 and σ = 1.691.
5. Connecting theory to practice. While Section 4 has considered practical implementation of the theory in Section 3, we develop the methodology further in this section to connect the basic theory to practice.
5.1
The Sharpe ratios and choice of λ. As pointed out in Section 1, the λ in Section 3 is related to how risk-averse one is when one tries to maximize the mean return µ of a portfolio.
It represents a penalty on the risk that is measured by the variance of the portfolio's return.
In practice, it may be difficult to specify an investor's risk aversion parameter λ that is needed in the theory in Section 3.1. A commonly used performance measure of a portfolio's performance is the Sharpe ratio (µ − µ 0 )/σ, which is the excess return per unit of risk; the excess is measured by µ − µ 0 , where µ 0 is a benchmark mean return. We can regard λ as a tuning parameter, and choose it to maximize the Sharpe ratio by modifying the NPEB procedure in Section 3.2, where the bootstrap estimate of E µ,Σ w T (η)r −λVar µ,Σ w T (η)r is used to find the portfolio weight w λ that solves the optimization problem (3.3). Specifically, we use the bootstrap estimate of the Sharpe ratio
of w λ , and maximize the estimate Sharpe ratios over λ.
Dimension reduction when m is not small relative to n. Another statistical issue
encountered in practice is the large number m of assets relative to the number n of past periods in the training sample, making it difficult to estimate µ and Σ satisfactorily. Using factor models that are related to domain knowledge as in Section 2.1 helps reduce the number of parameters to be estimated in an empirical Bayes approach. Another useful way of dimension reduction is to exclude assets with markedly inferior Sharpe ratios from consideration. The only potential advantage of including them in the portfolio is that they may be able to reduce the portfolio variance if they are negatively correlated with the "superior" assets. However, since the correlations are unknown, such advantage is unlikely when they are not estimated well enough.
Suppose we include in the simulation study of Section 4.2 two more assets so that all asset returns are jointly normal. The additional hyperparameters of the normal and inverted for the case of n = 8 without short selling, the first of which assumes this prior distribution and studies the Bayesian reward for λ = 1, 5 and 10. A simple method to introduce such modification is to use a stochastic regression model of the form
where the components of x it include 1, factor variables such as the return of a market portfolio like S&P500 at time t − 1, and lagged variables r i,t−1 , r i,t−2 , .... The basic idea underlying (5.2) is to introduce covariates (including lagged variables to account for time series effects) so that the errors ǫ it can be regarded as i.i.d., as in the working i.i.d. model. The regression parameter β i can be estimated by the method of moments, which is equivalent to least squares. We can also include heteroskedasticity by assuming that ǫ it = s it (γ i )z it , where z it are i.i.d. with mean 0 and variance 1, γ i is a parameter vector which can be estimated by maximum likelihood or generalized method of moments, and s it is a given function that depends on r i,t−1 , r i,t−2 , . . . . A well known example is the GARCH(1,1) model
Consider the stochastic regression model (5.2). As noted in Section 3.2, a key ingredient in the optimal weight vector that solves the optimization problem (3.1) is (µ n , V n ), where
Instead of the classical model of i.i.d. returns, one can combine domain knowledge of the m assets with time series modeling to obtain better predictors of future returns via µ n and V n . The regressors x it in (5.2) can be chosen to build a combined substantive-empirical model for prediction; see Section 7.5 of Lai and Xing (2008 .3) ) does not assume their components to be uncorrelated since it treats the components separately rather than jointly. The conditional cross-sectional covariance between the returns of assets i and j given R n is given by
for the model (5.2)-(5.3). Note that (5.3) determine s 2 i,n+1 recursively from R n and that z n+1 is independent of R n and therefore its covariance matrix can be consistently estimated from the residuals z t . Under (5.2)-(5.3), the NPEB approach uses the following formulas for µ n and V n in (3.5):
in which β i is the least squares estimate of β i , and s l,n+1 and σ ij are the usual estimates of s l,n+1 and Cov(z i,1 , z j,1 ) based on R n .
6. An empirical study. In this section we describe an empirical study of the performance of the proposed approach and other methods for mean-variance portfolio optimization when the means and covariances of the underlying asset returns are unknown. The study considers the monthly excess returns of 233 stocks with respect to the S&P500 Index from January 1974 to December 2008. To simplify the study, we work directly with the excess returns e it = r it − u t instead of the returns r it of the ith stock and u t of the S&P500 Index.
Such simplification also has the effect of making the time series more stationary, as will be discussed in Section 6.3. The data set and the description of these stocks are available at the Web site http://www.stanford.edu/ xing/Data/data excess ret.txt. We study outof-sample performance of the monthly excess returns of different portfolios of these stocks for each month after the first ten years (120 months). Specifically, we use sliding windows of n = 120 months of training data to construct a portfolio for the subsequent month, allowing no short selling. The excess return e t of the portfolio thus formed for investment in month t gives the realized (out-of-sample) excess return. As t various over the monthly test periods from January 1984 to December 2008, we can (i) add up the realized excess returns to give the cumulative realized excess return t l=1 e l up to time t, and (ii) find the average realized excess return and the standard deviation so that the ratio gives the realized Sharpe ratio √ 12ē/s e , whereē is the sample average of the monthly excess returns and s is the corresponding sample standard deviation, using √ 12 to annualize the ratio, as in Ledoit and Wolf (2004) . Noting that the realized Sharpe ratio is a summary statistic, in the form of mean divided by standard deviation, of the monthly excess returns in the 300 test periods, we find it more informative to supplement this commonly used measure of investment performance with the time series plot of cumulative realized excess returns, from which the realized returns e t can be retrieved by differencing.
We use these two performance measures to compare NPEB with the Ledoit-Wolf (labeled "shrinkage"), plug-in and Michaud's portfolios described in Sections 2 and 4.3. For a given training sample, we first select stocks whose Sharpe ratios are the m = 50 largest among 233 stocks; see Section 5.2 and Ledoit and Wolf (2004) . Then we compute the NPEB, plug-in, Ledoit-Wolf and resampled portfolios. For each training sample, the NPEB procedure first computes a portfolio for each λ = 2 i , i = −3, −2, . . . , 11 and then chooses the λ that gives the largest bootstrap estimate of the ratio of the mean to the standard deviation of the excess returns; see Section 5.1. Similarly, since the plug-in, shrinkage and Michaud's portfolios involves a target return µ * , we apply these procedures with µ (i) * = e min + (e max − e min )(i/100) for 1 ≤ i ≤ 100, where e max and e min are the largest and smallest values, respectively, of the mean excess returns in the training sample,and set µ * equal to the µ (i) * that gives the largest realized Sharpe ratio for the training sample.
6.1 Working model of i.i.d. returns. Table 3 gives the realized Sharpe ratios of the NPEB, plug-in, shrinkage and Michaud's portfolios described in the preceding paragraph, and Figure 2 plots their cumulative realized returns; see the first paragraph of this section.
As in the plug-in, shrinkage and Michaud's methods, we assume that the returns are i.i.d.
for NPEB. Table 3 shows that NPEB has larger realized Sharpe ratios than the plug-in, shrinkage and Michaud's portfolios.
INSERT TABLE 3 AND FIGURE 2 ABOUT HERE 6.2 Improving NPEB with simple time series models of excess returns. We have performed standard diagnostic checks of the i.i.d. assumption on the excess returns by examining their time series plots and autocorrelation functions; see Section 5.1 of Lai and Xing (2008) . for ǫ i,t , which we also use as the working model of the training sample to form the NPEB SRG portfolio for the test sample. Table 3 and Figure 2 show substantial improvements in using these enhancements of the NPEB procedure.
The dataset at the Web site mentioned in the first paragraph of Section 6 also contains u t . From e i,t and u t , one can easily retrieve the returns r it = e it + u t of the ith stock, and one may ask why we have not used r it directly to fit the stochastic regression model (5.2). The main reason is that the model (5.2) is very flexible and should incorporate all important predictors in x it for the stock's performance at time t whereas our objective is this paper is to introduce a new statistical approach to the Markowitz optimization enigma rather than combining fundamental and empirical analyses, as described in Chapter 11 of Lai and Xing (2008) , of these stocks. Moreover, in order to compare with previous approaches, the working model of i.i.d. stock returns suffices and we actually began our empirical study with this assumption. However, time series plots of the stock returns and structural changes in the economy and the financial markets during this period show clear departures from this working model for the stock returns. On the other hand, we found the excess returns to be more "stationary" when we used the excess returns e it instead of r it , following the empirical study of Ledoit and Wolf (2004) . In fact, the realized Sharpe ratio √ 12ē/s e based on the excess returns was introduced by them, who called it the ex post information ratio instead. Strictly speaking, the denominator in the Sharpe ratio should be the standard deviation of the portfolio return rather than the standard deviation of the excess return, and their terminology "information ratio" avoids this confusion. We still call it the "realized Sharpe ratio" to avoid introducing new terminology for readers who are less familiar with the investment than the statistical background.
As an illustration, the top panel of Figure 4 gives 
INSERT FIGURE 4 ABOUT HERE
In contrast to the simple AR(1) model for excess returns, care must be taken to handle nonstationarity when we build time series models for stock returns. It seems that a regressor such as the return u t of S&P500 Index should be included to take advantage of the comovements of r it and u t . However, since u t is not observed at time t, one may need to have good predictors of u t which should consist not only of the past S&P500 returns but also macroeconomic variables. Of course, stock-specific information such as the firm's earnings performance and forecast and its sector's economic outlook should also be considered. This means that thorough fundamental analysis, as carried out by professional stock analysts and economists in investment banks, should be incorporated into the model (5.2). Since this is clearly beyond the scope of the paper, we have focused on simple models to illustrate the benefit of building good models for r n+1 in our stochastic optimization approach. Our approach can be very powerful if one can combine domain knowledge with the statistical modeling that we illustrate here. However, we have not done this in the present empirical study because using our inadequate knowledge of these stocks to specify (5.2) will be a disservice to the power and versatility of the proposed Bayesian or NPEB approach. Markowitz's mean-variance portfolio optimization theory is a single-period theory that does not consider transaction costs. In practice asset allocation by a portfolio manager is multi-period or dynamic and incurs transaction costs; see Section 11.3 of Lai and Xing (2008) . The methods and results developed herein to resolve the Markowitz enigma suggest that combining techniques in stochastic control and applied statistics may provide a practical solution to this long-standing problem in financial economics. 
